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The purpose of this study is to predict the turbulent scalar flux at a free surface subject to a fully developed turbulent flow
based on a hydrodynamic analysis of turbulence in the region close to the free surface. The effect of the Reynolds number on
turbulent scalar transfer mechanisms is extensively examined. A direct numerical simulation technique is applied to achieve
the purpose. The surface-renewal approximation is used to correlate the free-surface hydrodynamics and scalar transport at
the free surface. Two types of characteristic time scales have been examined for predicting turbulent scalar flux. One is the
time scale derived from the characteristic length and velocity scale at the free surface. The other is the reciprocal of the
root-mean-square surface divergence. The results of this study show that scalar transport at the free surface can be
predicted successfully using these time scales based on the concept of the surface-renewal approximation.VVC 2012 American

Institute of Chemical Engineers AIChE J, 58: 3867–3877, 2012
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Introduction

Understanding scalar transport mechanisms at a free sur-
face contributes to the establishment of a predictive model
for turbulent scalar exchange between gas and liquid phases.
These models are useful in evaluating exchange rates of
active and passive scalars at the sea surface between the tur-
bulent ocean and atmosphere. The scalar transfer processes
between gas and liquid provide significant amounts of data
on the design and manipulation of engineering equipment
such as cooling towers and heat exchangers.

It is widely known that turbulence quantities beneath the
free surface determine the turbulent scalar flux, because the
molecular diffusivity of most scalars in water is much
smaller than in air. The authors have studied turbulence sca-
lar transfer mechanisms in a turbulent open-channel flow
based on laboratory and numerical experiments.1–6 The
results of these studies have revealed that turbulent vortical
structures produced in the turbulent boundary layer travel to-
ward the free surface and interact with it. These interactions
replace fluid elements at the free surface with fluid from the
bulk, enhancing the flux there. For this reason, they are often
referred to as surface-renewal events.

Laboratory measurements show that the turbulent scalar
flux at a hydrodynamically clean gas–liquid interface can be
predicted by the surface-renewal approximation7
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where K is the scalar transfer velocity, and T is the surface-
renewal time scale or the reciprocal of the frequency of the
appearance of the surface-renewal events, and D is the
molecular viscosity of the scalar. The interactions of turbulent
vortical structures with the free surface determine the
frequency or the time scale. Therefore, understanding
turbulence beneath the free surface is critical in evaluating
the flux at the free surface. The hydrodynamically close
relation between the vortical structures under the free surface
and turbulence scalar transfer mechanisms has been deter-
mined by means of a direct numerical simulation (DNS)
technique by Nagaosa,4 Handler et al.,5 and Nagaosa and
Handler6 at low Reynolds numbers. A typical example of such
a direct relation between the near-wall vortical structures and
the surface-renewal motions is found in Figures 22 and 23 in
Nagaosa and Handler.6 Details of vortical structures in the
region adjacent to the free surface, their origin and time
development, and the suitability of the surface-renewal
approximation have also been elucidated by these numerical
studies. The time scale of the surface-renewal events was not
determined in these previous works because of limited
information on the subsurface hydrodynamics.

An estimation of the characteristic time scale of the sur-
face-renewal eddies is essential in establishing a predictive
model for turbulent scalar transfer at a free surface. The
variable-interval time-average (VITA) method has been
applied to a time series of concentration signals of dye
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tracers measured in the region close to the free surface so as
to evaluate the frequency of the surface-renewal in previous
laboratory measurements.1,2 This approach was designed to
detect all the essential surface-renewal eddies in the vicinity
of the free surface by optimizing several parameters, such as
the time duration needed for time averaging and the thresh-
old level needed to identify the surface-renewal eddies.
Although these experiments have been successful in quanti-
fying the surface-renewal frequency, optimization of several
parameters has been found difficult to generalize for various
kinds of turbulent flows. One of the reasons for this diffi-
culty is attributed to the fact that previous laboratory experi-
ments provided limited information on hydrodynamics in the
subsurface region of turbulent open-channel flows. In partic-
ular, the entire details of three-dimensional (3-D) turbulent
vortical structures in the turbulent flows with a free surface
were not measured in laboratory experiments. Rashidi et al.8

carried out laboratory experiments on turbulence measure-
ments in open-channel flows to find the relation between the
free-surface hydrodynamics and the turbulent scalar flux at
the free surface based on a flow visualization technique.
Rashidi9 and Kumar et al.10 applied their flow visualization
techniques to observe the physical interactions of turbulent
vortical structures with the free surface in turbulent open-
channel flows. Pan and Banerjee11 applied a DNS technique
to a low-Reynolds number free-surface turbulence to deter-
mine the 3-D structure of vortices in the region very close to
the free surface.

In the last decade, several studies have been carried out
based on the latest experimental and numerical techniques to
uncover the unresolved physics of turbulent scalar transport
in the region very close to the interface. Magnaudet and
Calmet 12,13 employed a large-eddy simulation (LES) tech-
nique to the turbulent open-channel flows of high Reynolds
number Res ¼ 1280, with Schmidt numbers of 1 5 Sc 5

200. Here, Res ¼ usd/m is the Reynolds number based on the
wall-shear velocity, us, water depth, d, and kinematic viscos-
ity of fluid, m, and Sc ¼ m/D is the Schmidt number. The
Reynolds and Schmidt numbers that Magnaudet and Calmet
considered in their LES are difficult to realize by a DNS
technique. Therefore their work has revealed valuable infor-
mation on the mechanisms of turbulent scalar exchange at
large Reynolds and Schmidt numbers.

Herlina and Jirka14 and Janzen et al.15 conducted a series
of laboratory experiments of turbulent scalar transport at a
free surface based on the latest particle-image velocimetry
(PIV) and laser induced fluorescence (LIF) techniques. They
instrumented a grid-stirred tank with oxygen gas to measure
the turbulent scalar flux and the subsurface velocity profiles
simultaneously. Details of the turbulence statistics of veloc-
ity and oxygen-concentration fluctuations were obtained. The
results of their laboratory experiments suggested that turbu-
lent scalar transport at the free surface is governed by turbu-
lent vortical structures with different length scales. They
reported that the effect of the fine-scale turbulence is critical
in determining the turbulent scalar flux at large Reynolds
numbers, whereas large-scale turbulence plays an important
role in determining turbulent scalar transfer mechanisms at
low Reynolds numbers.

Kermani et al.16 carried out a DNS of turbulent open-
channel flows at Reynolds number Res � 300. They investi-
gated the effect of the Prandtl and Schmidt numbers on the
turbulent heat and scalar transfer mechanisms for Pr ¼ 0.71,
and 1 5 Sc 5 8, where Pr is the Prandtl number, which is

defined by the ratio of fluid viscosity m, and the thermal dif-
fusivity of the fluid, a, Pr ¼ m/a. They imposed both constant
heat flux (the Neumann-type boundary condition) and con-
stant concentration (the Direchlet-type boundary condition)
conditions at the free surface. They also quantified the ‘‘sur-
face age,’’ which is equivalent to the mean residence time of
fluid particles at the free surface, using Lagrangian tracing.
They found that categorization of scalar transfer stages is
possible using this approach.

Although such experimental and numerical investigations
of turbulence and turbulent scalar transfer in the region close
to the free surface have been carried out, no simple, predic-
tive model for assessing the scalar flux has been proposed so
far. In particular, the effect of the Reynolds number on tur-
bulent scalar flux has not been given in these previous stud-
ies, except for our previous report.6

This study proposes a simple and predictive model for tur-
bulent scalar transfer across a free surface. Here, we assume
that the free surface is shear free and flat, which corresponds
to the limit of zero Froude and Weber numbers. A DNS
technique is employed for the purpose of obtaining informa-
tion on the entire extent of the 3-D turbulence structures
especially in the vicinity of the free surface. The Reynolds
number is varied from Res ¼ 150 to 600 to examine the
effect of the Reynolds number on the turbulent scalar flux
and to compare the results from the present numerical pre-
dictions with those from laboratory experiments.1,2 The
Reynolds numbers in this study are 2300 \ Rem \ 11,300,
where Rem is the Reynolds number based on the bulk-mean
velocity, Um, and water height, d, Rem ¼ Umd/m. These
Reynolds numbers match those of the laboratory experiments
performed by Komori et al.,1,2 2600 \ Rem \ 12200.
Although several researchers have been interested in under-
standing the effect of the Schmidt (or Prandtl) number on
turbulent scalar transfer at a free surface,12,13,16,17 this study
fixes the Schmidt number at 1 to determine the effect of the
Reynolds number on transport. Scalings of turbulence statis-
tics in this report use the wall-shear velocity, us, water
depth, d, and fluid viscosity, m, so as to ease comparisons of
the results of this study with those obtained from laboratory
experiments.1,2 Although several reports on free-surface tur-
bulence introduce other scalings of the turbulence statistics
that do not rely on us, and d,12,13,18,19 we will not attempt
here to compare our results with them.

The concept of the surface-renewal approximation is intro-
duced here to explore the physical relation between the free-
surface hydrodynamics and turbulent scalar transfer across a
free surface and to establish a predictive model for turbulent
scalar flux. Two types of characteristic time scales of sur-
face-renewal motions are proposed. One is the characteristic
time scale derived from TS ¼ K/u, where K and u are the
characteristic length and velocity scales, respectively. The
other time scale is derived from the root-mean-square sur-
face divergence, Tc ¼ 1/crms, where c is the surface diver-
gence, and subscript ‘‘rms’’ refers to its root-mean-square
value. This time scale has been used by several researchers
to model the turbulent scalar transfer at a free surface based
on the subsurface hydrodynamics.14,16,20–23 It is straightfor-
ward to correlate this time scale with turbulent scalar trans-
port and the subsurface hydrodynamics, as the dimension of
the surface divergence is the reciprocal of time, [T]�1. It
should also be emphasized here that measurements of c in
laboratory experiments are possible using the PIV tech-
nique.14,15 In conclusion, it is the purpose of this
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investigation to assess the suitability of the surface-renewal
approximation using these two time scales.

Numerical Strategy

Assumptions at the free surface

We consider a fully developed turbulent water flow in an
open channel. The free surface is assumed to be shear free
and flat, corresponding to zero Froude and Weber numbers.
This assumption has been justified in our previous laboratory
experiments at low Reynolds numbers.1–6 The Froude num-
bers in the laboratory experiments are Fr2 ¼ u2

s /gd �
O(10�3),1,2 where us is the friction velocity at the bottom
wall, g is the gravitational acceleration, and d is water height
of the open channel. This Froude number range is considered
small enough to ignore gravity-associated disturbances at the
interface. Indeed, waves excited at the free surface observed
in the laboratory experiments are too small to alter turbu-
lence in the vicinity of the free surface significantly.

On the other hand, this assumption is not appropriate in tur-
bulent flows with a thin water layer and a large mean veloc-
ity, (i.e., a turbulent liquid film), because the Froude number
is relatively large in that case.24 A typical example of the
Froude number in turbulent liquid-film flows is Fr2 ¼ u2

s /gd
� O (10�1), with a water layer thickness of d ¼ 0.005–0.01
m, and a mean velocity of Um ¼ 1–4 m s�1, resulting in a
relatively large Reynolds number of Rem ¼ 12,000–33,000.
This situation is different from that of open-channel laboratory
experiments, which have typical experimental conditions of d
¼ 0.01–0.11 m, Um ¼ 0.06–0.2 m s�1, and Rem ¼ 2600–
12200.1,2 It should be noted that the effect of the Froude num-
ber on free-surface hydrodynamics is rather limited regarding
pressure–strain effects.25 It is also true that significant differ-
ences between the laboratory experiments in which the Froude
numbers are nonzero and numerical studies whose free sur-
face is considered shear free have not been found in previous
studies.4–6 We conclude that the effect of the Froude number
is not important for the purpose of exploring the free-surface
hydrodynamics and associated turbulent scalar transfer mecha-
nisms in the cases considered here.

Turbulent flow setup

Figure 1 shows the configuration of the turbulent open-
channel flows used in this study. A fully developed turbulent
flow is established between the bottom (z ¼ 0) and at the
gas–liquid interface (z ¼ d). The main flow is in the x direc-
tion, driven by a well-controlled pressure gradient in the
same direction, so as to maintain a constant wall-shear rate
at the bottom. This flow is assumed to be periodic in the
two interface-parallel directions, x and y. A stress-free
boundary condition is adopted at the interface in accord with

the assumption of a flat and shear-free interface. A no-slip
boundary condition is used at the bottom of the open chan-
nel. Turbulent scalar transfer from the atmosphere to the bot-
tom, across the free surface, is enforced by applying a con-
stant concentration difference between the two interface-nor-
mal boundaries, DC ¼ Cin � C0 � 0, where Cin and C0 are
the concentrations at the free surface and the bottom, respec-
tively. The concentration at the interface Cin and the bottom
C0 are assumed to be uniform in space and constant in time.

The fluid is assumed to be incompressible and Newtonian
with constant density, q. A nondimensionalized version of
the governing equations involves the conservation equations
of mass, momentum and scalar, as follows

@

@xi
uþi ¼ 0 (2a)

@

@t
uþi ¼ � @

@xj
uþj u

þ
i þ 1

Res

@

@xj

@

@xj
uþi � @

@xi
pþ (2b)

@

@t
C ¼ � @

@xj
uþj Cþ 1

ResSc

@

@xj

@

@xj
C (2c)

where t is time, ui the velocity, p the pressure, and C the scalar
concentration. The subscripts 1, 2, and 3 denote the
streamwise (x), spanwise (y), and interface-normal (z)
directions, respectively, and the summation convention is
only applied to repeated alphabetic subscripts throughout this
report. The parameters in Eqs. (2a)–(2c) are normalized as

uþi ¼ ui
us

; pþ ¼ p

qu2
s
; C ¼ C

DC
; xi ¼

xi
d
; t ¼ t

d=us
(3)

The governing equations have two nondimensional para-
meters, Res and Sc, as defined earlier.

Numerical strategies and flow parameterization

A DNS technique is used to solve the governing equa-
tions. The modified version of the numerical code used for
computing turbulent flows at a stress-driven gas–liquid inter-
face is applied here.26 This numerical code uses a fractional
step method proposed by Choi and Moin27 for DNS of a tur-
bulent channel flow. All the spatial derivatives are approxi-
mated by a second-order central difference scheme on a Car-
tesian staggered grid. A combination of a third-order Runge–
Kutta method for nonlinear terms and a second-order Crank–
Nicolson method for linear terms is used for integrating the
governing equations in time. A direct solver for a Poisson-
type partial differential equation based on fast Fourier trans-
forms and Gaussian elimination is used to achieve high-com-
putational performance.28 A maximum residue of |quþi /qxi|,
which should be zero in an incompressible fluid, is about
o (10�12) for Res ¼ 150 and o (10�11) for Res ¼ 600.

The details of the numerical setup are summarized in Ta-
ble 1. Six runs of numerical simulations have been per-
formed by varying the Reynolds number Res between 150
and 600 with a fixed Schmidt number of Sc ¼ 1. Another
Reynolds number, Rem, is used for the purpose of comparing
the results from the present DNS with those obtained in pre-
vious laboratory experiments. The range of Reynolds num-
bers of 150 5 Res 5 600 corresponds to 2300 [ Rem [

11,300, which covers the range of Reynolds numbers
obtained in the previous laboratory experiments by Komori

Figure 1. Flow configuration and coordinate system.
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et al.1 Several numerical studies have supported the relation
K ! Sc1/2 in turbulent flows with heat and scalar trans-
fer.12,13,16,17 Also, the surface-renewal approximation exhib-
its the same behavior, as explained later in this work. The
effect of the Schmidt number on turbulent scalar transfer at
a free surface is therefore not examined in this article.

The grid resolution used in all the numerical runs has
been found to be fine enough to resolve all the essential
scales of the turbulence. This has been confirmed by exam-
ining the fully developed turbulence statistics and the
energy spectra of the velocity and scalar concentration fluc-
tuations for Sc ¼ 1. Our preliminary simulations find that
increasing the Schmidt number from 1 to 2 results in an
unphysical 3-D profile of the scalar concentration especially
in the region close to the free surface. Therefore, given the
grid resolution restriction in our DNS, Schmidt numbers
are restricted to 1 or less. Sizes of the computational do-
main in both x and y directions, L1 and L2, are found to be
large enough to obtain near-zero autocorrelations of veloc-
ities and concentration for the maximum separations, L1/2
and L2/2. The computational lengths in the interface-paral-
lel directions are the same, or larger than those of Moser
et al.,29 L1/dc ¼ 4.0 and L2/dc ¼ 2.0 for Res � 180 and L1/
dc ¼ 2.0 and L2/dc ¼ 1.0 for Res � 400 and 600, where dc

here is the half-width of the two-dimensional (2-D) chan-
nel. The time increment for integration of the governing
equations is determined dynamically to keep the Courant
number around

ffiffiffi
3

p
in every numerical run. The average

time step, Dtþave ¼ Dhtu2
s /mi, is about 0.38 at Res ¼ 150 and

0.17 at Res ¼ 600. Statistically reliable turbulence statistics
are computed from a series of instantaneous turbulent flow
realizations, which cover more than 4500 viscous wall
units. The DNS database established by Moser et al.29 has
been used to verify the accuracy of these turbulence statis-
tics obtained by the present DNS. Several comparisons
between the present DNS and those computed by Moser
et al.29 reveal that the present simulations represent physi-
cally accurate 3-D turbulence. The results of the compari-
sons are shown in the next section.

Surface-renewal approximation

The turbulent scalar flux at the interface, Q, can be esti-
mated using the scalar transfer velocity, K, as

Q ¼ K � DC (4)

where DC is the concentration difference between the wall and
the free surface, DC ¼ Cin � C0. The surface-renewal
approximation was introduced originally by Dankwerts to
predict the scalar transfer velocity, K, theoretically.7 In this
approximation, K is expressed by Eq. 1, that is K ¼ a (D/T)1/2.
This approximation involves a constant of proportionality, a,
which should be determined by an appropriate method. The
original derivation of the surface-renewal approximation

implies a ¼ 1 by assuming random and continuous replace-
ment of fluid at the free surface with a constant replacement
rate. This situation is not likely to be realized, as the
replacement of fluid elements at the free surface will be
random but intermittent. Determination of the constant a based
on the experiments or numerical simulations is critical in
developing a predictive model for turbulence scalar flux
between the atmosphere and the turbulent water. Therefore the
goal of this study is to determine the proportionality constant,
a, using results of our DNS.

The following relation can be derived from Eq. 4 and
Fick’s law of diffusion, Q ¼ D (qC/qx3)x3 ¼ d

K ¼ D

DC
@C

@x3

� �
x3¼d

(5)

The time-space average of the scalar transfer velocity, hKi, is
expressed using Eq. 5 as

Sh ¼ Kh id
D

¼
@ C
� �
@x3

 !
x3¼d

(6)

where Sh ¼ hKid/D is the Sherwood number, and h.i denotes
time-space averaging over x, y, and t. In Kermani et al.,16 a
different definition of the scalar transfer velocity is used

Q ¼ K0 � dC (7)

where dC : Cin � C|z¼d/2, and C|z¼d/2 is the time-space
average of the concentration of scalar at the center of the open
channel, z ¼ d/2. It is obvious that the two scalar transfer
velocities can be related by K ¼ K0(dC/DC).

The surface-renewal approximation, Eq. (4), can be nor-
malized as

Sh Sc�1=2 ¼ a Res Tþh i�1=2
(8)

or

Kþh iSc1=2 ¼ a Tþh i�1=2
(9)

where Kþ ¼ K/us and Tþ ¼ T/(m/u2
s) are the nondimen-

sional scalar transfer velocities and the characteristic time
scale, respectively. It is also clear that the two normalized
scalar transfer velocities are related by hKþi ¼
ShSc�1Re�1

s .
Eqs. 8 and 9 reveal that the Sherwood number is propor-

tional to the square root of the Schmidt number, Sh ! Sc1/2.
The suitability of this relation has been confirmed by several
numerical studies by LES12,13,17 and DNS.16 For this reason,
this work focuses on investigations of the effect of the Reyn-
olds numbers on the turbulent scalar flux at a free surface,
rather than pursuing Schmidt number effects.

Table 1. Parameterization for the Present In Silico Experiments on Turbulent Flows with Scalar Transfer

Run Res Um Usurf Rem Sc ShSc�1/2 L1/d L2/d Grid Points Dxþ Dyþ Dzþ Dtþave

I 150 15.3 18.1 2,300 1 4.67 5.0 2.50 256 � 288 � 97 9.20 4.09 0.183–3.49 0.385
II 180 15.7 18.7 2,840 1 5.49 4.0 2.00 256 � 288 � 109 8.84 3.93 0.174–3.83 0.353
III 240 16.4 19.1 3,950 1 7.03 3.0 1.50 256 � 288 � 137 8.84 3.93 0.169–4.14 0.301
IV 300 17.0 19.6 5,090 1 8.58 2.5 1.25 256 � 288 � 161 9.20 4.09 0.153–4.57 0.279
V 400 17.7 20.3 7,050 1 10.9 2.0 1.00 288 � 384 � 201 8.73 3.27 0.150–4.97 0.233
VI 600 18.7 21.2 11,300 1 15.5 2.0 1.00 432 � 512 � 271 8.73 3.68 0.135–5.79 0.175

The definitions of the notations are explained in the text.
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Results

Fully developed turbulence statistics

We now confirm the accuracy of the present results by
comparing them with those obtained by Moser et al.29 In
particular, we focus on the results of Res ¼ 600, the largest
Reynolds number case, and Moset et al.’s DNS database of
Res � 600 for turbulent 2-D channel flow.

We first define certain quantities and relations that are
used in this comparison in Figure 2. The root-mean-square,
skewness, and flatness of the turbulent quantity h are defined
as follows

hrms ¼ h02
� �1=2

(10a)

S h0ð Þ ¼ h03
� �

=h3
rms (10b)

F h0ð Þ ¼ h04
� �

=h4
rms (10c)

where h
0

signifies the fluctuation around its time-space
average, hhi. Inserting ui ¼ huii þ u

0
i (i ¼ 1–3), hu2i ¼ hu3i

¼ 0, and p ¼ hpi þ p
0

into Eq. 2b and taking its time-space
average, we obtain the following equation, which shows the
relation between the Reynolds and viscous shear stresses

� w0þu0þh i|fflfflfflfflfflffl{zfflfflfflfflfflffl}
Turb

þ 1

Res

@ uþh i
@z

� �
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Visc

¼ 1 � zþ

Res|fflfflfflffl{zfflfflfflffl}
Total

(11)

Also, the vorticity, xi, is defined by

xi ¼ eijk
@uj
@xk

(12)

where eijk is the Eddington’s alternating tensor.
The comparison shown in Figure 2 is given in the region

of the lower half of the open-channel (0 5 zþ 5 300), as the
effect of the free surface on turbulence statistics is signifi-
cant in the upper 1/3 of the domain, that is, 400 5 zþ 5

600. This figure shows that the results of the present numeri-
cal simulations agree well with those of Moser et al.,29 who
used a pseudospectral method for solving the governing
equations. It should be noted here that the skewness and flat-
ness of the velocity fluctuations and the root-mean-square
vorticity fluctuations are affected strongly by the fine-scale
turbulence fluctuations. Excellent agreements in plots (c)–(e)
in Figure 2 is therefore good evidence that the present nu-
merical simulations represent the fine-scale turbulence in the
open channel in a satisfactory manner.

Later in this work, the energy spectra of u
0
3 in the region

very close to the free surface is used to evaluate the character-
istic length scale of the surface-renewal motions. Thus, the
adequacy of the energy spectra given by the present DNS
should be assessed, as turbulent fluctuations in a DNS data-
base obtained by a finite difference method are considered to
be affected by numerical dissipation particularly at high wave-
number scape. The DNS database of Moser et al.29 is also

Figure 2. Fully developed turbulence statistics at Res 5 600 at the near-wall region of 0 � z1 � 300 for compari-
sons of this study and those obtained by Moser et al.29 in the 2-D closed channel.

Each plot indicates (a) mean velocity; (b) root-mean-square velocity fluctuations; (c) skewness of velocity fluctuations; (d) flatness

of velocity fluctuations; (e) root-mean-square vorticity fluctuations; and (f) the Reynolds, viscous, and total stresses. Lines and sym-

bols in plots (a)–(f) denote the results of Moser et al.,29 and the present numerical simulation, respectively. [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]
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used here to verify the soundness of the energy spectra com-
puted from the present numerical simulations.

Figure 3 shows comparisons of the energy density spectra in
the case of Res ¼ 600. The energy density spectra is defined by

Eaa kbd
� �

¼ 1

2p
F b u0a
� �

F�
b u0a
� �D E

; ða ¼ 1; 2; 3; b ¼ 1; 2Þ

(13)

where f(u
0
a) signifies the Fourier transform of u

0
a in the b-th

direction, and * denotes the complex conjugation. The present
simulations are seen to agree well with Moser et al.,29 especially
at low wavenumbers. At high wavenumbers, we observe a rapid
decay of the energy spectra Eaa(k1d) (a ¼ 1–3) as the wave-
number k1 increases, particularly at zþ � 100 and 300. The
effect of this decay is negligible, as the decay occurs only at
very fine scales, for example, k1d[100 at zþ � 100 and k1 d[
70 at zþ � 300, corresponding to a length scale of about 4Dxþ,
and 6Dxþ, respectively. We have also confirmed that similar
excellent agreement exists between the present DNS and those
in the database of Moser et al.29 for Res ¼ 180 and 400.

Turbulent scalar flux at a free surface

In the previous section, fully developed turbulence statis-
tics obtained by the present DNS are compared with those of
Moser et al.29 The comparison shows clearly that the present
numerical predictions provide very exact turbulent flow real-
izations of open-channel flows at the given Reynolds num-
bers. It is also worth comparing the turbulent scalar flux at
the free surface obtained from the present predictions with
those measured experimentally by Komori et al.1,2

The authors already attempted a comparison of the Sher-

wood numbers obtained by the DNS technique with those

measured by laboratory experiments at two Reynolds num-

bers, Res ¼ 150 and 300.6 It was found that the numerically

predicted Sherwood numbers agree well with those obtained

by the laboratory experiments, although the effect of the

Reynolds number on the turbulent scalar flux could not be

determined because of limited numerical data. Here, we

extend the previous comparison between the laboratory and

numerical experiments by providing additional numerical pre-

dictions of the Sherwood numbers at larger Reynolds num-

bers. As stated earlier in this article, the Reynolds numbers

covered by the present numerical simulations, 150 5 Res 5

600 or 2300 [ Rem [ 11,300, are comparable with those of

the laboratory experiments of Komori et al.,1,2 whereas the

Schmidt numbers in the present DNS (Sc ¼ 1) and the labora-

tory experiments (Sc � 600) are different. Several numerical

studies on turbulent scalar transfer at a free surface have

indicated that the scalar transfer velocity is proportional to

Sc1/2.2,12,13,16,17 It should be stressed here that the relation of

Sh ! Sc1/2 does not guarantee that physical mechanisms of

turbulent scalar transfer are the same at low and high Sc.
Figure 4 compares the scalar transfer velocity obtained in

the present numerical simulations with those obtained in the
experiments. We obtain ShSc�1/2 ¼ 4.67 at Res ¼ 150 and
ShSc�1/2 ¼ 8.58 at Res ¼ 300 from the present simulations.
These predictions agree well with those Nagaosa and Han-
dler6 already reported, ShSc�1/2 ¼ 4.77 at Res ¼ 150 and
ShSc�1/2 ¼ 8.63 at Res ¼ 300. Kermani et al.16 also pre-
dicted the turbulent scalar flux at the free surface and pro-
posed hKþ

0 i ¼ 0.611 Sc�0.456 at Res ¼ 300. This correlation
relation gives hKþ

0 i ¼ 0.0611 at Sc ¼ 1, resulting hKþi �
0.0281, or, ShSc�1/2 � 8.43, as dC/DC � 0.46 is obtained
from Figure 2b in Kermani et al.16 Therefore, the results of
Kermani et al. also agree well with our results.

Comparisons between the results of the present DNS and
those measured by Komori et al.1,2 in Figure 4 find that our
present predictions of scalar flux agree with those of the labo-
ratory experiments, especially in the region of low Reynolds
numbers, that is, Rem 5 7000 (Res 5 400). The results of the
present predictions show that ShSc�1/2 obtained by the present
DNS is proportional to Re

3=4
m , whereas the laboratory

Figure 3. Comparisons of energy density spectra at Res 5 600: (a) z1 � 10; (b) z1 � 30; (c) z1 � 100; and (d) z1 � 300.

Lines and symbols indicate the results from the present DNS and those by Moser et al.,29 respectively. [Color figure can be viewed

in the online issue, which is available at wileyonlinelibrary.com.]
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measurements show ShSc ! Ren
m, where 0.89 \ n\ 1.26. A

quantitative comparison between the results from the present
DNS and the laboratory measurements by Komori et al.1,2 is
difficult, as the results of the laboratory measurements exhibit
considerable scatter. It is nevertheless clear from this compari-
son that the present DNS provides acceptable prediction of
the Sherwood numbers, which are underestimated at the
Reynolds number Res � 400 or Rem � 7000. The present
DNS ignores the effect of surface disturbances due to surface
waves because of our assumption of zero Weber and Froude
numbers. Incorporation of the Weber and Froude numbers
should improve the accuracy the prediction of ShSc�1/2, as
attempted by Tamburrino and Gulliver.20

It is reasonable to conclude that the present numerical
simulations predict turbulent scalar fluxes at a free surface
within acceptable margin of errors in the Reynolds number
covered here. It is also expected that the mechanisms of tur-
bulent scalar transfer can be understood in detail using the
present turbulent flow realizations.

Free-surface hydrodynamics

Figure 5 depicts a 3-D view of turbulent vortical struc-
tures and low-concentration regions, C \ �Crms,max, for Res
¼ 600, where Crms,max is the local maximum value of Crms

in the region near the free surface, Crms,max � 0.136 at zþ �
583 (z � 0.97). 3-D turbulent vortical structures are
extracted using the Laplacian of the pressure

Q 	 @

@xi

@

@xi
p ¼ 1

2
X2 � S2
� �

(14)

where S2 ¼ StS and X2 ¼ XtX, with S and X are the symmetric
and antisymmetric parts of the velocity gradient tensor,
respectively. Vortical structures in Figure 5 are identified by
Q̂ ¼ (Q � hQi)/Qrms � 3/2.6 Emerging low-concentration fluid
in the region near the free surface indicates that the turbulent
scalar flux is boosted there by intensifying the concentration
gradient, (qC

0
/qz)z ¼ d. This figure indicates that interactions of

vortical structures with the free surface is associated with low-
concentration fluid by being transported from the turbulent

bulk, as illustrated in our previous study.4 Obtaining the
characteristic time scale associated with these surface-renewal
motions is a major goal of this work.

Several researchers14,15,20,21,30,31 have already focused atten-
tion on using the surface divergence to model turbulent scalar
flux at the free surface. The surface divergence, c, is defined as

c x1; x2; tð Þ 	 @u01
@x1

þ @u02
@x2

� �
x3¼d

¼ � @u03
@x3

� �
x3¼d

¼ �
u03
		
x3¼d

�u03
		
x3¼d�Dd

Dd

 !
ð15Þ

where Dd is the distance between the free surface and the first
mesh point below the free surface. It is obvious that u

0
3|x3¼d in

Eq. 15 should be zero because of the boundary condition at the
free surface. Therefore Eq. 15 leads to c(x1, x2, t) ¼ u

0
3|x3¼d�Dd/

Dd. It is clear from this that positive surface divergence is
produced by turbulent impingement from turbulent bulk
toward the free surface, u

0
3|x3¼d�Dd [ 0, and negative surface

divergence, on the other hand, is associated with a downdraft,
u

0
3|x3¼d�Dd \ 0.

Figures 6a,b show a comparison of instantaneous distribu-
tions of the surface divergence and the subsurface concentra-
tion fluctuation at one grid point below the free surface for
Res ¼ 600 (Ddþ � 0.135). A comparison between Figures
6a,b also indicates that the positive (negative) surface diver-
gence is found at locations where negative (positive) concen-
tration fluctuations are established. This comparison suggests
that the positive surface divergence, which is characterized by
the diverged velocity vectors, strengthens turbulent scalar flux
locally. This hydrodynamic phenomenology is easily
explained by the fact that the upward currents from turbulent
bulk toward the free surface bring low-concentration fluid in
the vicinity of the free surface and that the thickness of the
turbulent boundary layer adjacent to the free surface is
reduced by such fluid motions. Consequently, the turbulent
scalar flux increases locally there. In addition to that, the two
plane distributions of the surface divergence and the concen-
tration fluctuation are observed to be very similar, suggesting
that the correlation coefficient between the surface divergence
and the local scalar gradient perpendicular to the free surface,
G ¼ (qC

0
/qz)z¼d, will be large enough.

The statistical relation between the surface divergence and
the local scalar flux, G ¼ (qC

0
/qz)z¼d should be examined to

Figure 5. 3-D view of turbulent vortical structures for
Res 5 600, with low-concentration regions
C < 2Crms,max.

These vortical structures, indicated by surfaces with

light-gray, are extracted by Q̂ � 3/2. Low-concentration

fluid with the threshold of Crms,max � 0.14, is signified by

dark-gray contour surfaces.

Figure 4. The effect of the Reynolds number Rem on
the Sherwood number Sh.

The results of the present DNS and the laboratory

experiments1,2 are plotted by closed and open circles,

respectively. The solid line shows, ShSc�1/2 ! Re
3=4
m ,

which is the best-fit result of the present DNS. The

dashed and chain-dotted lines indicate the lowest and

highest cases of the best-fit results of the experimental

results by Komori et al.,1,2 respectively.
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assess their similarity. The correlation coefficient between
the surface divergence and local turbulent scalar flux is
expressed by

RcG ¼ c x1; x2; tð ÞG x1; x2; tð Þh i
crmsGrms

(16)

Figure 7 shows the effect of the Reynolds number Res on
the correlation coefficient RcG. The correlation coefficient
increases slightly with increasing Reynolds number and
approaches 0.75 for Res � 300. It is therefore reasonable to
consider the surface divergence to establish a predictive
model for turbulent scalar transfer. One of the advantages in
introducing the surface divergence is that the surface
divergence can be measured using the latest experimental
techniques such as PIV.14,15,20,21 The concentration gradi-
ents of the scalar at the free surface, in contrast, are
difficult to measure in the laboratory, because this requires
very exact measurements of the local concentration in the
very thin turbulent boundary layers below the free surface.
Indeed, only a few reports on the direct measurement of the
scalar concentration gradient in the region below a free
surface have been published so far, for example, Harlina
and Jirka,14,32 and Janzen et al.,15 which use PIV-LIF
techniques to measure concentration fluctuation near the
free surface.

Characteristic time scales at a free surface

Here, we investigate the two characteristic time scales
mentioned previously. One is a time scale based on the char-
acteristic length and velocity scales, TS ¼ K/u. The other is
defined by the reciprocal of the root-mean-square surface
divergence, Tc ¼ 1/crms.

The free-surface hydrodynamics depicted in Figure 6a
suggests that many patch-like patterns, which are signified
by positive surface divergence, cover the whole of the free
surface. It is also evident from the comparison of Figures
6a,b that these patch-like structures are ‘‘foot prints’’ of the
interactions of the turbulence with the free surface, which
strengthen turbulent scalar transport. In this study, the auto-
correlation coefficient of the surface divergence in the
streamwise direction given by

Ccc r1ð Þ ¼ c x1 þ r1; x2; tð Þc x1; x2; tð Þ
� �

c2
rms

(17)

is used to evaluate the characteristic length scale of these patch-
like structures.33 The autocorrelation coefficient is computed
from the energy density spectra of u

0
3 at one computational

mesh below the free surface, z ¼ d � Dd, using the Weiner–
Khinchine theorem.34 The distributions of the power spectra of
the surface divergence in the streamwise direction, Ecc (k1d) :
hf(c)f*(c)i/(2p) ¼ (1/Dd)2 E33(k1d)|z¼d�Dd, and autocorrela-
tion coefficients, Ccc (r1), for six numerical runs are shown in
Figure 8. Ecc (k1d) is normalized to satisfy $dk1Ecc ¼ 1 in this
figure. The profiles of the autocorrelation coefficients indicate
clearly that the zero-correlation length scale, Ccc(k) ¼ 0, exists
in all numerical runs in the region 0 \ rþ1 \ 150. This length
scale can be thought of the ‘‘radius’’of the patch-like patterns.
Therefore, double the length of scale k corresponds to the
characteristic length scale of the patch-like structures, that is, K
¼ 2k is associated with positive surface divergence c[ 0 at the
free surface.

The effect of the Reynolds number Rem on the character-
istic length scale, K ¼ K/d, is shown in Figure 9. The results
of the present DNS indicate that the nondimensionalized
length scale is proportional to Re

�1=2
m . The laboratory experi-

ments by Komori et al.,2 did not find a clear relationship
between the Reynolds number and the length scale, and the
authors conclude that the length scales are in the range 0.37
\ K\ 1.1 at the Reynolds numbers they examined, 2600 \

Figure 7. The effect of the Reynolds number on the
correlation coefficient, RcG.

Figure 6. Free-surface hydrodynamics in the case of
Res 5 600; (a) 2-D distribution of the surface
divergence; and (b) 2-D distribution of the
concentration fluctuation at one mesh point
below the free surface (z1 � 599.87).

The velocity vectors are mapped at every four grid

points at the free surface. Both the surface divergence

and the concentration fluctuation are normalized as cþ

¼ (m/u2s ) c and C0 ¼ C
0
/DC, respectively. [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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Rem \ 12,200, as indicated by the dotted region in this fig-
ure. These results suggest that the present evaluations of the
characteristic length scales appear to be acceptable consider-
ing the fact that they are of the same order of magnitude as
those measured by Komori et al.2

Our previous analysis of the characteristic length scales of
3-D vortical structures in the region adjacent to the free sur-
face revealed that ‘ ¼ ‘/d ¼ 0.785 at Res ¼ 150 (Rem ¼
2300), and ‘ ¼ 0.524 at Res ¼ 300 (Rem ¼ 5110), where ‘
is the length scale of the turbulence structures in the stream-
wise direction in the subsurface region evaluated by the spa-
tial two-point correlations of the vorticity field.6 These val-
ues are very close to the results of the present analysis based
on the autocorrelation coefficient of the surface divergence,
K ¼ 0.790 for Res ¼ 150, and K ¼ 0.487 for Res ¼ 300, as
plotted by open triangles in Figure 9.

The characteristic velocity scale for turbulent scalar trans-
port is estimated by the horizontal root-mean-square velocity
fluctuation at the free surface (see Janzen et al. 15). Hence,
the characteristic velocity scale is estimated by u ¼ (u2

rms þ
v2

rms)
1/2. The velocity scales appear to be constant at u :

u/us � 1.2 for the Reynolds numbers covered in this work.
The characteristic time scale for surface-renewal events is
consequently given by TS ¼ K/u.

The relation between the characteristic time scales, TS and Tc,
and the Reynolds number Rem is shown in Figure 10. The results
of the laboratory experiments of the characteristic time scale
measured by Komori et al.1 are also plotted in the same figure
by open circles. Komori et al.1 measured the surface-renewal fre-
quency f using a time series of concentration signals of a dye
tracer released from inside the turbulent boundary layer, and the
time scale is obtained by T ¼ 1/f. All the time scales here are

normalized as T ¼ T/(d/us) to compare the results of this study
with those measured by the previous laboratory experiments.
The present numerical simulations show that the two characteris-
tic time scales, TS, and Tc, are proportional to Re

�3=5
m . In con-

trast, the laboratory experiments by Komori et al.1 suggest a dif-
ferent relation between Rem and the characteristic time scale,
that is, T ! Re�1

m . It should be mentioned here that the charac-
teristic time scales TS found in the present DNS are close to
those measured by Komori et al. at 2300 \ Rem \ 7000. The
discrepancy between TS and the laboratory experiments widens,
as the Reynolds number increases.

Figure 9. The effect of the Reynolds number Rem on
the characteristic length scale at the free
surface.

The characteristic length scale is normalized by water

depth, d. The solid line indicates the best-fit result for the

present DNS data for the data Res � 240, K ! Re
�1=2
m .

The hatched gray region indicated by a dashed line covers

the results of the laboratory experiments by Komori

et al.,2 0.37\ K\ 1.1 at 2600\ Rem\ 12,200. Open tri-

angles indicate the results of Nagaosa and Handler.6

Figure 8. (a) Power spectra of the surface divergence;
and (b) the distributions of the autocorrela-
tion coefficients in the streamwise direction.

Power spectra shown in (a) are normalized to satisfy

$dk1 Ec ¼ 1. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Figure 10. The characteristic time scale at the free
surface.

The solid and open plots are the results of the present

DNS and those by the laboratory experiments by

Komori et al.1 Both the solid and the dashed lines indi-

cate the best-fit results for TS, and Tc, respectively. Both
the time scales predicted by the present DNS are pro-

portional to Re
�3=5
m , as indicated by both the solid and

the dashed lines. The results of the laboratory experi-

ments, on the other hand, reveal that the time scale is

proportional to Re�1
m , as shown by the chain-dotted line.
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Proper time scale for predicting turbulent scalar flux

The suitability of the two characteristic time scales, TS, and
Tc, for predicting turbulent scalar transport at a free surface is
assessed based on the nondimensional version of the surface-
renewal approximation expressed by Eq. 8. Figure 11 shows
the relation between Re2

s /T
þ and ShSc�1/2 for the two charac-

teristic time scales, TþS , and Tþc . For quantitative comparison,
the results of laboratory experiments1 are also indicated by
open circles in the same figure. The two characteristic time
scales are found to be suitable, as each satisfies the relation
ShSc�1/2 ! Res/(T

þ)1/2. The constant of proportionality a in
Eq. 8 is 0.32 for TS and 0.20 for Tc in the present DNS,
whereas Komori et al. 1,2 found experimentally that the con-
stant is approximately 0.34 for turbulent open-channel flows.
It should be pointed out that the time scale TS appears to be
very similar to the time scale measured by Komori et al.1,2

On the other hand, Tc will be different from the time scale
determined in the laboratory experiments, although it also sat-
isfies the surface-renewal approximation.

Kermani et al.16 reported that the scalar transfer velocity is
estimated by hKþ

0 i Sc1/2 ¼ Ac1=2
rms, with the constant of propor-

tionality of 0.41 \ A\ 0.45 for 1 5 Sc 5 8. The range of the
constant corresponds to 0.19 [ a [ 0.21, using the relation a
¼ A (dC/DC), and dC � 0.46. This result shows excellent agree-
ment with our result, a ¼ 0.20. The correlation relation that we
propose in this work, ShSc�1/2 ¼ a(Re2

s /Tc)
2 with a ¼ 0.20, is

therefore appropriate for evaluating the turbulent scalar flux.
Law and Khoo,35 Tamburrino and Gulliver,20 McKenna and
McGillis,21 Magnaudet and Calmet,13 Hasegawa and Kasagi,23

and Janzen et al.15 proposed their own correlation between the
scalar transfer velocity and the surface divergence. However,
quantitative comparisons of those results with the results of this
study are difficult, because the flow setup and scaling of the
hydrodynamics parameters are different in those studies.

In conclusion, the characteristic time scale TS discussed in
this study is essentially equivalent to that measured by the
laboratory experiments using dye tracer concentration signals
with the aid of the VITA technique. In contrast, the charac-

teristic time scale Tc seems to be different from TS obtained
in laboratory experiments. It is interesting that the ratio
between TS and Tc is approximately 2.6 at the Reynolds
numbers that we deal with in this study. This fact suggests
that some physical relation between the two time scales
could be extracted by a proper scaling analysis.

Conclusions and Future Directions

Conclusions

This study investigates the characteristic time scale for pre-
dicting turbulent scalar flux based on the physical mechanisms
of the transport phenomena in the vicinity of a free surface.
The surface-renewal approximation is implemented to corre-
late the free-surface hydrodynamics and turbulent scalar flux.
A DNS is used here to obtain 3-D details of turbulence in
open-channel flows, especially in the region very close to the
free surface, and also to obtain turbulent scalar transfer rates
across the free surface. Here, we propose the use of two char-
acteristic surface-renewal time scales to evaluate the turbulent
scalar flux at the free surface. It was determined, using the
surface-renewal approximation, that the proportionality con-
stants are 0.32 for TS and 0.20 for Tc. The constant 0.32 for
TS is very close to the constant observed in the laboratory
experiments of Komori et al., 0.34.1,2 Hence, the characteristic
time scale TS defined in this study is essentially equivalent to
that measured by Komori et al., in which the VITA method is
applied to concentration signals of dye tracer released from
inside the turbulent boundary layer of the open channel. We
also find that the constant for Tc, a ¼ 0.20, is very close to
that reported by Kermani et al.,16 0.19 [ a [ 0.21, at Res �
300 and 1 5 Sc 5 8. In addition, it is observed that the ratio
between TS and Tc appears to be approximately 2.6 at the
Reynolds numbers that this study covered. The constant ratio
TS/Tc suggests that the two characteristic time scales may
have some possible physical relationship. Further scaling anal-
ysis for the two time scales is necessary to complete our goal
of establishing a correlation between the turbulent scalar flux
and the characteristic time scales at the free surface.

Future directions

Apart from future work on the scaling analysis of the two
characteristic time scales, several topics remain to be compre-
hensively investigated. First, the effect of the Schmidt number
on scalar flux at a free surface is not examined here. Instead
of investigating the effect of the Schmidt number, we have
focused our attention on the effect of the Reynolds number on
scalar flux, and we have compared our results with those
obtained from laboratory experiments. The effect of the
Schmidt number is assumed to be Sh ! Sc1/2 based on several
references.12,13,16,17 Increasing the Schmidt number from the
current value of 1 to, hopefully, o(102), is certainly called for
in future work.

Second, this study parameterizes the hydrodynamic quanti-
ties using the wall-shear velocity, us, water depth, d, and
fluid viscosity, m. This paramerization is based on the fact
that the flow field that we deal with here is a type of wall-
bounded flow, so that these parameters are entirely appropri-
ate. In several geophysical turbulent flows, nevertheless, a
different parameterization may be required, as water depth in
some cases is considered infinite. Perot and Moin18 and
Walker et al.19 introduced different parameterizations of the
hydrodynamics quantities under the assumption that turbu-
lence is isotropic in a region away from a free surface.

Figure 11. The relation between Re2
s /T

þ and ShSc�1/2

for the present numerical simulations and
the laboratory experiments by Komori et al.1

The two characteristic time scales TS and Tc are veri-

fied to discuss suitability of the surface-renewal approx-

imation. The solid and dashed lines indicate the best-fit

results for TS and Tc, respectively. The chain line is the

relation ShSc�1/2 ¼ aRes(T
þ)�1/2 with a � 0.34, as

observed by Komori et al.1
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Calmet and Magnaudet12,13 used the velocity macro-scale
and the integral length scale to normalize the hydrodynamic
quantities. These parameterizations should be considered
when trying to correlate the subsurface hydrodynamics and
scalar transport at a free surface in turbulent environmental
flows where the wall-shear velocity is difficult to define.

Finally, turbulent flows in this study deal with zero Froude
and Weber numbers, hence deformation of the free surface by
gravity and surface tension is not introduced. In some turbulent
flows with a free surface, the Froude number is large as, for
example, a liquid film flow along a wall or for a shallow geo-
physical flow. Also, for small-amplitude waves, the effect of the
Weber number will play an important role. Many computational
hurdles exist to deal with turbulent flows with the gas–liquid
interface of nonzero Froude and Weber numbers. These prob-
lems include the descretization of the governing equations and
their suitable boundary conditions. The availability of sufficient
computational resources could also be an another hurdle. The
inclusion of the effects of waves on turbulence and vise versa is
clearly the most urgent problem requiring further research.
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